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Abstract 

We examine the stabilization of the two typical moduli, the length p of the 
eleventh segment and the volume V of the internal six manifold, in com- 
pactified heterotic M-theory. It is shown that, under certain conditions, the 
phenomenologically favored vacuum expectation values of p and V can be ob¬ 
tained by the combined effects of multi-gaugino condensations on the hidden 
wall and the membrane instantons wrapping the three cycle of the internal 
six manifold. 
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Recently Hofava and Witten proposed that the strong coupling limit of the x 
heterotic string theory can be described by the d = 11 supergravity (SUGRA) on a manifold 
with boundaries |^. At energy scales below the d = 11 Planck scale Mu = tPg 

11-dimensional bulk and 10-dimensional boundary actions allow a dimensional expansion in 
powers of which may be interpreted as the inverse of the membrane tension [Q. Phe¬ 
nomenological implications of this heterotic M-theory have been studied by compactifying 
the 11-dimensional SUGRA on a Galabi-Yau (GY) manifold times the eleventh segment P|. 
It has been noticed that the resulting effective theory can reconcile the observed d = 4 
Planck scale Mp 2.4 x 10^® GeV with the phenomenologically favored unihcation scale 
Mqut ~ 3 X 10^® GeV in a natural manner which was not possible in perturbative 
heterotic string theory. In addition to providing a natural framework for the unihcation of 
couplings, heterotic M-theory has other phenomenological virtues. For instance, gaugino 
masses in heterotic M-theory appear to be comparable to the squark masses even when 
the d = 4 supersymmetry is broken by hidden sector gaugino condensation [^]. This is in 
contrast to the case of perturbative heterotic string theory in which hidden sector gaugino 
condensation leads to undesirably small gaugino masses compared to the squark masses. 
Another phenomenological virtue of M-theory is that there can be a QGD axion whose high 
energy axion potential is suppressed enough so that the strong GP problem can be solved 
by the axion mechanism Q,^]. 

Gompactihed heterotic M-theory involves the two geometric moduli, the length vrp of 
the eleventh segment jZ^ and the volume V of the internal six manifold X averaged over 
jZ^- The above-mentioned phenomenological virtues of heterotic M-theory have been 
discussed based on the assumption that vrp and V are stabilized at the VEVs leading to the 
correct values of the d = 4 gauge and gravitational couplings together with Mqut ~ 3 x 10^® 
GeV. In this paper, we wish to study the stabilization of p and V in the context of d = 4 
effective action including various nonperturbative effects, e.g. gaugino condensations on the 
hidden wall, membrane and hvebrane instantons []^. Our analysis indicates that p and V 
can be stabilized at the phenomenologically favored VEVs by the combined effects of multi- 
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gaugino condensations and the membrane instantons wrapping the three cycle C 3 of X if the 
hidden sector involves multi-gauge groups with appropriate hidden matter contents, and X 
admits a complex structure for which the value of (327r^)^/^| fx^/\ is of order 

unity where is the harmonic (3, 0) form on X. 

To proceed, let us estimate the phenomenologically favored values of (p) and {V). To 
be dehnite, we will use the compactihcation involving a smooth CY manifold. Including the 
corrections at the CY volume is given by |P] 

Vcy{x^^) = V- Tip J u A h, ( 1 ) 

where covers S^/Z 2 = [0,1] whose boundaries at = 0 and x^^ = 1 represent the 
visible sector wall and the hidden sector wall, respectively, np = J dx^^ ^gn^u is the physical 
length of jZ 2 , ui is the CY Kahler form, and 14 = ^[tr(F A F — \R A i?)]. Here we use 
the downstairs d = 11 SUGRA coupling, i.e. = ^down = 05 take into 

account the factor 2^/^ correction to the d = 10 YM coupling made in p. Obviously, V 
corresponds to the CY volume averaged over S^/Z 2 . A simple dimensional reduction of 
the d = 11 bulk and d = 10 boundary actions leads to the d = 4 gauge coupling constant 
«GUT = unihcation scale Mgut = (hcy(0))“^/® and the d = 4 

Planck scale Mp = nr^y/npV. Fitting the phenomenological values of ogut, Mp and Mgut, 
one hnds [Q 

(np) ^ 15 (4 X 10^^ GeV)“\ 

{V) ^ 80 ^ (3 X 10^® GeV)-®. (2) 

For the gravitino mass 1713/2 = 0{1) TeV, the Kaluza-Klein scales of compactihed dimensions 
are much higher than the moduli masses which are presumed to be O{ 1 x 13 / 2 ) and also than 
the dynamical scale of supersymmetry breaking, e.g. the hidden gaugino condensation scale 
which would be 0(10^^) GeV. This justihes our approach studying the moduli stabilization 
in the context of the d = 4 effective SUGRA action. 

In d = 4 effective SUGRA, p and V form the chiral superhelds S and T together with 
the axions arising from the 3-form gauge held in d = 11 SUGRA. Since (irp) is larger than 
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(yY/^ by one order of magnitude, one can consider an intermediate d = 5 effective theory 
at length scales between {VY^^ and {up) In this scheme, at the leading order in 

S belongs the d = 5 hypermultiplet, while T and d = A SUGRA multiplet belong to the 
d = 5 SUGRA multiplet. At any rate, S and T can be normalized by fixing the periodicity 
of their axion components: 

Im(^) = Im(^) + 1, Im(T) = Im(T) + 1. (3) 

In this normalization, 

Re(^) = 

Re(T) = (dvr ^ (4) 

UK 

where Cjjk = ! ^ ^ are the intersection numbers for ujj (/ = 1, hi^ which 

form the basis of the integer (1,1) cohomology. To derive the second relation, we have used 
K~‘^/^Kpui = (47r)^/^Re(T) I]/a;/ and V = ^/a;Aa;Aa;for the GY Kahler form u. Then 
the moduli VEVs of Eq. correspond to 

(Re(R)) ^ (Sy = 0(«duT), 

(Re(r)) ^ (Th) = (5) 

and our problem becomes to stabilize both Sji and Tr at the VEVs of C>(aQUT)- To make 
a comparison, let us note that the dilaton and the overall Kahler modulus in perturbative 
heterotic string theory are stabilized at (Sy = and (Tr) = 0(1) when S and T 

are normalized as (j^) 

The moduli effective potential would be determined by the Kahler potential {K) and the 
superpotential (W) via the standard SUGRA formula: Ks = e^[K'^YDiW){DjW)*—3\W\Y- 
Since we are interested in the possibility for (Sr) ~ (Tr) = (9(aduT)) let us consider the be¬ 
havior of K and lU in the limit Sr 3> 1 and Tr 3> 1. In this limit, K can be divided into two 
pieces, K = + where Kp is the part which allows an asymptotic expansion in powers 

of I/Rr and 1/Tr and A'np stands for the rest which originates from nonperturbative effects. 
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As was noted in can be determined either in the context of the M-theory large 

radius expansion which is available in the M-theory limit with Sr S> 1 

or in the context of the string loop and cx-model expansion which is available in the pertur¬ 
bative string limit e^^/{27r)^ ~ n'^T^/Sn 1. (Here </> denotes the heterotic string dilaton.) 
Note that the asymptotic expansion of Kp in powers of 1/Sr and 1 /Tr is valid in both 
the M-theory limit and the perturbative string limit as long as both Sr and Tr are large 
enough [|T^]. One key observation made in is that, when expanded in powers of I/ttSr 
and I/ttTr, the nonvanishing expansion coefficients are generically of order unity. We then 
have 


K = - ln(^ + ^) - 3 ln(T + f) + 6 Kp + K^p, 


( 6 ) 


where the leading logarithmic terms are determined at the leading order in the M-theory 
large radius expansion or in the string loop and cr-model expansion, and the perturbative 
corrections are given by 6 Kp = J2n,m C(n,m)/{'^S r)'^{7iTr)'^ with the coefficients C(^n,m) which 
are essentially of order unity. For the compactification on a CY space with the minimal 
embedding, one finds O(o,i) = O(o, 2 ) = 0 , 0 ( 0 , 3 ) = Cur, and 0 ( 1 , 0 ) = x/288 

o , showing that C(n,m) are indeed of order unity (or less) for reasonable values of the Euler 
number y and the intersection numbers Cjjk- In fact, the most important corrections with 
the coefficients O(i,o) and O(o,i) can always be absorbed into the leading logarithmic terms. 
After absorbing these corrections, we have 


6 Kp = 0{l/{nSRnnTRr) = 0((«GUT/vr)2), (7) 

for n -|- m > 2 and the moduli VEVs of (j^). It is hard to imagine that such a small 6 Kp can 
play a significant role for the moduli stabilization, and so we will ignore it in the subsequent 
discussions. 

As M-theoretic nonperturbative effects which may contribute to iFnp, one can consider 
the following types of instantons: A = membrane instantons wrapping the CY 3-cycle (C 3 ), 
I 2 = membrane instantons which wrap the CY 2-cycle (C 2 ) and are stretched along the 11-th 
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segment, J 3 = fivebrane instantons wrapping the entire CY volume. These instantons have 
been discussed in in the context of type IIA M-theory, however it is rather straightforward 
to extend the discussion to the heterotic M-theory. A complete computation of the effects of 
these instantons would require the full nonperturbative formulation of M-theory, which is not 
available at this moment. However one can still compute the most important semi classical 
factor where A{I) is the Euclidean action of the instanton I. A simple computation 

using the membrane tension T 2 = the hvebrane tension T 5 = {tt 

yields i 

A{h)=b^, A{h)=27ikT, A{h) = 2nS, ( 8 ) 


where k 


J2i Jc 2 ^i\ ^ positive integer and 


b = (327r2)^/2 


(i/H AH)V2 


(9) 


for the harmonic (3, 0) form H on CY. Note that generically 6 is a function of the complex 
structure moduli. Since A(J 2 ) and A{IY are holomorphic, I 2 and J 3 can affect not only 
the Kahler potential, but also the holomorphic gauge kinetic functions and superpotential. 
However A(/i) depends only on Sr, and thus the effects of A can be encoded only through 
the Kahler potential. 

In fact, since their locations on /Z 2 are not specihed, A and A induce 5-dimensional 
local interactions which are suppressed by where ^(A) = b^jRe{S) and ^(A) = 2 TrS 

for the d = 5 held S in the universal hypermultiplet which is normalized as Re (A) = 
. For the CY volume Vcy depending upon as Eq. we have Re (5) = 
Sr — — \)Tr where the integer n = Y,i I S A- After the reduction to d = 4, 

the 5-dimensional interactions induced by A and A are averaged over x^^, yielding the 
4-dimensional local interactions suppressed by -v^^ith A(A, 3 ) given in (P). 

It is rather obvious that A and A are irrelevant for the moduli stabilization at 
{Sr) ~ (Tr) = C>(Q;dxjT) since their effects are suppressed by the extremely small 
g-A(/) ^ (^^g-27r/«GUT)_ As was noticed in [ 0 , A can generate a four-dilatino operator. 
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thereby modifying the Riemann-Kahler curvature tensor. This would result in the nonper- 
turbative correction oc A key feature distinguishing R from I 2 and is that it 

is possible that A{Ii) = 0(1) even for Sr = (9(aduT)5 which would be the case if 6 = 0(1) 
for some values of the complex structure moduli. In this case, Ji can give a sizable contri¬ 
bution to A'np and thus be relevant for the moduli stabilization. However we stress that a 
rather particular form of the complex structure is required to have b = 0{1). For instance, 
b = 7.8 for the simple Z 3 orbifold, yielding A{Ii) ^ 35 for Sr ~ 20. In 

this case, the effects of Ji would be too small to be relevant for the moduli stabilization. 
At any rate, the discussions in the previous paragraph suggest the following form of the 
nonperturbative Kahler potential: 


K^vp d 


= d{^) 

4:71 J 


p/2 


:,-b\/SR 


1 + 0 


f 1 


\7iSr' tiTi 


R 


+ 0 {e 


— 27rS ^—2nT\ 


( 10 ) 


where d and the integer p are introduced to parameterize the unknown parts of the Ji- 
induced Kahler potential. We note that this membrane instanton-induced Kahler potential 
corresponds to the M-theory realization of the stringy nonperturbative effects which has 
been discussed by Shenker |]^ and later applied to the dilaton stabilization in perturbative 
heterotic string vacua [IT5 . 


Let us now turn to the effective superpotential (IK) of S and T. Since A does not affect 
W and also the effects of I 2 and I 3 are suppressed by and respectively, in the 

limit Sr /+> 1 and Tr /+> 1, W is expected to be dominated by the held-theoretic gaugino 
condensations. More explicitly [|T^], 


W = ^ + O (e-2"^, , (11) 

a 

where fa denotes the gauge kinetic function of the a-th hidden gauge group Ga, Aq is deter¬ 
mined by the one-loop beta function of Ga, and Ca is also determined by Ga and the hidden 
matter contents. For instance, if Ga = SU{N) and there are M quarks in [N -|- N) repre- 

„ M-N M/3 

sentation, we have Ga = —{N — M/ 3 )( 327 r^e) (M/ 3 ) and = 87 r^/{N — M/3). 

The gauge kinetic functions of the compactihed heterotic M-theory are given by [|6ipT| 
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( 12 ) 


Ur, 


—27tS _^—2'kT\ 


AT^fa = S-^T + 0{e 


where are model-dependent quantized coefficients. For compactifications on a smooth 
CY times Ua = ^ I]/ I ^ [tr(F^ — = integer, however for compactihcations 

involving a singular six manifold, e.g. orbifold, ria are generically rational numbers depending 
upon the orbifold twists and also the instanton numbers of the gauge bundle . 

From the Kahler potential and (pUj), the moduli effective potential is calculated to be 


Yeff = 


f \2SrWs - (1 - A)hF|^ 1 


165hT1 1' 


1 +A' 


+ ^\2TrWt-?>WY -^W\^ 


(13) 


where Ws = dW/dS, Wr = dW/dT and A = |(p - bS]l‘^)K^p, A' = \{p{p - 2) - 
{2p — 1)65']/^ -|- b‘^SR}Kj^p. When there is an appropriate minimum of the potential, we 
can calculate the gravitino mass and also the auxiliary F-components of moduli which are 
given by = 2m3/2SR[2SRWs — (1 — A)hF]/(l -|- A')hF, and 

F'^ = 2ms/2TR[2TRWT — 3fF]/3fF. We wish to examine whether the potential (pAj) given 
by the superpotential ([TT|) can achieve a (local) minimum with the moduli VEVs of (|^) and 
supersymmetry breaking with the weak scale gravitino mass, for a reasonable choice of the 
hidden sector gauge group and matter helds, and also of the values of d, p, and b describing 
the membrane instanton-induced Kahler potential. We will require that the moduli Kahler 
metrics are positive-dehnite over a sizable domain around Sr ^ Tr = however 

not require the moduli potential to vanish at the minimum since it does not correspond to 
the fully renormalized vacuum energy density. In this paper, we present some of the results 
of our analysis to show the existence of the desired M-theory minimum, and the full details 


will be presented elsewhere [|W 


Let us hrst consider the case with single gaugino condensation yielding W = C'ie“'''Ai 
for the hidden sector gauge kinetic function 47r/i = S — |T. The value of {Sr) can be set 
to (9(aduT) by a reasonable choice of hidden sector gauge group and also of the membrane- 
instanton-induced Kahler potential iFnp. However, we have (Tr) = 127r/nAi which can 
not be (9 (q;qut) reasonable values of Ai and n, particularly for the values which 












give rise to the weak scale gravitino mass. In fact, the minimum found in this case has 
{Sr) = C>(Q!duT) (Tr) = 0(1), and thus corresponds to the perturbative heterotic 
string vacuum discussed in []^|^, not the M-theory vacuum that we are looking for. We 
therefore conclude that even in the presence of a sizable K^p, single gaugino condensation 
does not lead to the phenomenologically favored M-theory vacua with the moduli VEVs 
and the weak scale gravitino mass. 

When there are two gaugino condensates with W = +C 2 e~^^^'^ and also a sizable 

/Cnp, it turns out that the potential can have the desired M-theory minimum. One may 
hrst consider a superpotential implementing the simplest form of the T-duality, T —> 1/T: 
W = -f 02e“^2>5/47r^_ However this type of superpotential always leads to 

(Tr) = 0{1) and thus the perturbative heterotic string vacuum, not the M-theory vacuum. 
Motivated by the results in CY cases, here we consider an alternative simple case that the 


two hidden gauge groups have the same gauge kinetic function: dvr/i = 47r/2 = S 


-T 
2 ’ 


while the visible sector gauge kinetic function is dvr/v = S + |T. In this case, the two 
gaugino condensations £x the VEV of Im(S' — |T) to be 47r^Z/(Ai — A 2 ) where I is an odd 
integer and also can stabilize Sr — ^Tr by the conventional race-track mechanism . In the 
absence of a sizable the moduli potential still has a run-away behavior along Sr + \Tr- 
However with a proper membrane instanton-induced K^p, a minimum with the desired 
moduli VEVs can be formed. This minimum is located in the valley of the potential 
which is formed because the two curves of = 0 and = 0 come close. We could actually 
hnd several examples which give rise to the desired moduli VEVs (J^) for the reasonable values 
of parameters, which are shown in Table 1. Note that the solution to = F'^ = 0 is always 
an extremum point, however in our example it turns out to be a saddle point. Without the 
hidden matter helds, the minimum is located at near Sr — = 0, which would result in 

a too large gravitino mass. If appropriate hidden matter helds are assumed, we can get the 
minimum with the desired moduli VEVs (|^) and the weak scale gravitino mass. For the 
examples depicted in Table 1, supersymmetry breaking is characterized by F^ ^ F'^ which 
may lead to an interesting pattern of soft terms [O. 
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In conclusion, we have examined the stabilization of the two typical M-theory moduli, 
the length p of the 11-th segment /Z 2 and the volume V of the internal six manifold X 
averaged over /Z 2 . A particular attention was paid for the possibility that these moduli are 
stabilized at the VEVs which give rise to the correct values of the 4-dimensional gauge and 
gravitational coupling constants together with Mgut ~ 3 x 10^® GeV. Such moduli VEVs 
could be obtained by the combined effects of multi-gaugino condensations and the membrane 
instantons wrapping the three cycle C 3 of X if the hidden sector involves multi-gauge groups 
with appropriate hidden matter contents, and X admits a complex structure for which the 
value of ( 327 r^)^A| r2|/(i fx jg of order unity where Q is the harmonic (3, 0) form 

on X. 
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TABLES 


iVi 

Ml 

N 2 

M 2 

d 

P 

b 

(Sr) 

(Tr) 

7713/2 (GeV) 

3 

0 

4 

8 

8 

8 

0.5 

19 

16 

3.9 

X 

102 

3 

0 

4 

8 

2 

12 

1 

19 

17 

3.9 

X 

102 

3 

0 

4 

8 

8 

16 

1.5 

19 

16 

4.3 

X 

102 

3 

1 

4 

10 

2.3 

12 

1 

19 

17 

9.6 

X 

102 

3 

2 

4 

11 

2.5 

12 

1 

18 

17 

7.1 

X 

102 


TABLE I. Moduli VEVs for the hidden gauge group SU (Ai) x SU (A 2 ) with the hidden matters 
Mi(Ai, 1) + M 2 ( 1 , A 2 ) + c.c. and dvr/i = dvr/a = S - ^T. 
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